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Abstract
We show that every ﬁnite conﬁguration of disjoint simple closed curves of the plane is
topologically realizable as the set of limit cycles of a polynomial vector ﬁeld. Moreover, the
realization can be made by algebraic limit cycles, and we provide an explicit polynomial vector
ﬁeld exhibiting any given ﬁnite conﬁguration of limit cycles.
r 2003 Elsevier Inc. All rights reserved.
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1. Introduction
In 1900 Hilbert [6] in the second part of its 16th problem proposed to ﬁnd an
estimation of the uniform upper bound for the number of limit cycles of all
polynomial vector ﬁelds of a given degree, and also to study their distribution or
conﬁguration in the plane. This has been one of the main problems in the qualitative
theory of planar differential equations in the 20th century. The contributions of
Bamon [3] for the particular case of quadratic vector ﬁelds, and mainly of E´calle [4]
ARTICLE IN PRESS
$J.L. is partially supported by a MCYT and FEDER Grant BFM2002–04236–C02–02 and by a CIRIT
Grant 2001SGR 00173; and G.R. is partially supported by a MCYT and FEDER number BFM2002–
03161.
Corresponding author. Fax: +34-93-581-27-90.
E-mail addresses: jllibre@mat.uab.es (J. Llibre), gerardor@usc.es (G. Rodrı´guez).
0022-0396/$ - see front matter r 2003 Elsevier Inc. All rights reserved.
doi:10.1016/j.jde.2003.10.008
and Ilyashenko [7] proving that any polynomial vector ﬁeld has ﬁnitely many limit
cycles have been the best results in this area. But until now it is not proved the
existence of an uniform upper bound. This problem remains open even for the
quadratic polynomial vector ﬁelds.
A configuration of limit cycles is a ﬁnite set C ¼ fC1;y; Cng of disjoint simple
closed curves of the plane such that Ci-Cj ¼ | for all iaj:
Given a conﬁguration of limit cycles C ¼ fC1;y; Cng the curve Ci is primary if
there is no curve Cj of C contained into the bounded region limited by Ci:
Two conﬁgurations of limit cycles C ¼ fC1;y; Cng and C0 ¼ fC01;y; C0mg are
(topologically) equivalent if there is a homeomorphism h :R2-R2 such that
h
Sn
i¼1 Ci
  ¼ Smi¼1 C0i : Of course, for equivalent conﬁgurations of limit cycles C
and C0 we have that n ¼ m:
A periodic orbit of a planar vector ﬁeld X in R2 is a limit cycle if it is isolated in the
set of all periodic orbits of X : A limit cycle is algebraic if it is a component of an
algebraic curve.
A planar vector ﬁeld
X ¼ Pðx; yÞ @
@x
þ Qðx; yÞ @
@y
ð1Þ
is polynomial of degree m if P and Q are real polynomials in the variables x and y;
and the maximum degree of P and Q is m: We say that X realizes the conﬁguration
of limit cycles C if the set of all limit cycles of X is equivalent to C:
Our main result is the following one.
Theorem 1. Let C ¼ fC1;y; Cng be a configuration of limit cycles, and let r be its
number of primary curves. Then the following statements hold.
(a) The configuration C is realizable by a polynomial vector field.
(b) The configuration C is realizable as algebraic limit cycles by a polynomial vector
field of degree p2ðn þ rÞ 	 1:
We shall prove Theorem 1 in Section 3. There we shall provide an explicit
expression for the polynomial vector ﬁeld of degree at most 2ðn þ rÞ 	 1 satisfying
statement (b) of Theorem 1. Of course, statement (a) of Theorem 1 follows
immediately from statement (b).
The problem of given a conﬁguration of limit cycles realize it by a vector ﬁeld has
been studied by several authors. Thus, for Cr vector ﬁelds the problem has been
solved by Al’mukhamedov [1], Balibrea and Jimenez [2] and Valeeva [10]. Statement
(a) of Theorem 1 has been solved by Schecter and Singer [8] and Sverdlove [9], but
they do not provide an explicit polynomial vector ﬁeld satisfying the given
conﬁguration of limit cycles. The result presented in statement (b) of Theorem 1 is
new, and its proof provides simultaneously the shortest and easiest proof of
statement (a) of Theorem 1.
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In Section 2 we present some basic deﬁnitions and results that we shall use in
Section 3 for proving Theorem 1.
2. Preliminary deﬁnitions
In this section U will be an open subset of R2: Let X be a C1 vector ﬁeld deﬁned in
U : A nonconstant C1 function H : U-R is a first integral of X in U if H remains
constant along the trajectories of X contained in U : Then, the level curves Hðx; yÞ ¼
h in U are almost sufﬁcient to describe the phase portrait of X in U ; since every level
curve is the union of orbits of X :
Suppose that X ; given by (1), is a C1 vector ﬁeld in U : Then, X is exact in U if
@P
@x
¼ 	@Q
@y
;
for all ðx; yÞAU : Furthermore, if U is simply connected, then there exists a function
H : U-R satisfying
P ¼ 	@H
@y
; Q ¼ @H
@x
:
Therefore, the function H is the Hamiltonian of the Hamiltonian vector field X :
Clearly, the Hamiltonian function is a ﬁrst integral of X :
A C1 function R : U-R such that
@ðRPÞ
@x
¼ 	 @ðRQÞ
@y
ð2Þ
is an integrating factor of the vector ﬁeld X : It is immediate to check that R is an
integrating factor of X in U if and only if R is a solution of the partial differential
equation
P
@R
@x
þ Q @R
@y
¼ 	 @P
@x
þ @Q
@y
 
R ð3Þ
in U :
A function V : U-R is an inverse integrating factor if V veriﬁes the partial
differential equation
P
@V
@x
þ Q @V
@y
¼ @P
@x
þ @Q
@y
 
V ð4Þ
in U : We note that V satisﬁes (4) in U if and only if R ¼ 1=V satisﬁes (3) in
U\fðx; yÞAU : Vðx; yÞ ¼ 0g:
The following result due to Giacomini et al. [5] will be essential in our proof of
statement (b) of Theorem 1. Here, we provide an easier and direct proof.
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Theorem 2. Let X be a C1 vector field defined in the open subset U of R2: Let
V :U-R be an inverse integrating factor of X : If g is a limit cycle of X ; then g is
contained in R ¼ fðx; yÞAU : Vðx; yÞ ¼ 0g:
Proof. Due to the existence of the inverse integrating factor V deﬁned in U ; we have
that the vector ﬁeld X is Hamiltonian in U\R: Since the ﬂow of a Hamiltonian vector
ﬁeld preserves the area and in a neighborhood of a limit cycle a ﬂow does not
preserve the area, the theorem follows. &
3. Proof of Theorem 1
Let C ¼ fC1;y; Cng be the conﬁguration of limit cycles given in the statement of
Theorem 1. For every primary curve Cj we select a point pj in the interior of the
bounded component limited by Cj: Since we will work with an equivalent
conﬁguration of limit cycles, without loss of generality we can assume that
(i) each curve Ci is a circle deﬁned by
fiðx; yÞ ¼ ðx 	 xiÞ2 þ ðy 	 yiÞ2 	 r2i ¼ 0;
for i ¼ 1;y; n; and that
(ii) the primary curves of the conﬁguration C are the curves Cj; and the selected
points pj have coordinates ðxj ; yjÞ; for j ¼ 1;y; r:
For every selected point pj we deﬁne
fnþ2j	1ðx; yÞ ¼ ðx 	 xjÞ þ iðy 	 yjÞ;
fnþ2jðx; yÞ ¼ ðx 	 xjÞ 	 iðy 	 yjÞ:
Now, we consider the function
H˜ ¼ f l11 ?f lnn f lnþ1nþ1 f lnþ2nþ2?f lnþ2r	1nþ2r	1 f lnþ2rnþ2r ¼
Ynþ2r
k¼1
f lkk ;
with l1 ¼? ¼ ln ¼ 1; and lnþ2j	1 ¼ 1þ i and lnþ2j ¼ 1	 i; for j ¼ 1;y; r: After
an easy computation, we have that
H˜ðx; yÞ ¼ Aðx; yÞBðx; yÞCðx; yÞ;
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where
Aðx; yÞ ¼
Yn
i¼1
ðx 	 xiÞ2 þ ðy 	 yiÞ2 	 r2i
h i
;
Bðx; yÞ ¼
Yr
j¼1
ðx 	 xjÞ2 þ ðy 	 yjÞ2
h i
;
Cðx; yÞ ¼ exp 	2
Xr
j¼1
arctan
y 	 yj
x 	 xj
 !
:
Here, the function arctanððy 	 yjÞ=ðx 	 xjÞÞ must be understand as the function
argðz 	 zjÞ where z ¼ x þ iy and zj ¼ xj þ iyj:
Clearly H˜ðx; yÞ is a real function. Therefore, the function
H ¼ log H˜ ¼
Xnþ2r
k¼1
lk log fk
is also real.
We claim that the vector ﬁeld
X ¼Pðx; yÞ @
@x
þ Qðx; yÞ @
@y
¼ 	
Xnþ2r
k¼1
lk
Ynþ2r
l¼1
lak
fl
0
BB@
1
CCA@fk@y @@x þ
Xnþ2r
k¼1
lk
Ynþ2r
l¼1
lak
fl
0
BB@
1
CCA@fk@x @@y;
satisﬁes the conclusion of statement (b) of Theorem 1. Now we shall prove the claim.
First, we note that we have the equalities
@H
@x
¼ QQnþ2r
k¼1 fk
;
@H
@y
¼ 	 PQnþ2r
k¼1 fk
: ð5Þ
Therefore, since H and
Qnþ2r
k¼1 fk are real functions, we get that P; Q; and
consequently X are real.
Clearly, from the deﬁnition of X it follows that P and Q are polynomials of degree
at most n þ 2r 	 1: So, X is a real polynomial vector ﬁeld of degree at most n þ
2r 	 1:
From (5) it follows that V ¼ Qnþ2rk¼1 fk is a polynomial inverse integrating factor of
X ; and that H is a Hamiltonian for the Hamiltonian vector ﬁeld
1
V
X ¼ P
V
@
@x
þ Q
V
@
@y
:
Since V is polynomial, V is deﬁned in the whole R2: Therefore, by Theorem 2 and
since Vðx; yÞ ¼ 0 if and only if ðx; yÞA Sni¼1 Ci ,fp1;y; prg; if the vector ﬁeld X
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has limit cycles, these must be the circles Ci for i ¼ 1;y; n: Now, we shall prove that
all these circles are limit cycles. Hence, the polynomial vector ﬁeld X will realize the
conﬁguration of limit cycles fC1;?; Cng and the theorem will be proved.
We note that since H˜ is a ﬁrst integral of the vector ﬁeld X ; the circles are formed
by solutions because they are contained in the level curve H˜ ¼ 0: Now we shall prove
that on every circle Ci there is no singular points of X and, therefore, Ci will be a
periodic orbit. Assume that ðx0; y0Þ is a singular point of X contained into the circle
Ci; i.e., Pðx0; y0Þ ¼ Qðx0; y0Þ ¼ fiðx0; y0Þ ¼ 0: From the deﬁnition of P and Q we
have that
Pðx0; y0Þ ¼ 	li
Ynþ2r
l¼1
lai
flðx0; y0Þ
0
BB@
1
CCA@fi@y ðx0; y0Þ ¼ 0;
Qðx0; y0Þ ¼ li
Ynþ2r
l¼1
lai
flðx0; y0Þ
0
BB@
1
CCA@fi@x ðx0; y0Þ ¼ 0:
Since flðx0; y0Þa0 for lai; we obtain that @fi@xðx0; y0Þ ¼ 0 and @fi@yðx0; y0Þ ¼ 0: Therefore,
the point ðx0; y0Þ is the center of the circle Ci in contradiction that fiðx0; y0Þ ¼ 0:
Hence, every circle Ci is a periodic orbit of the vector ﬁeld X : Now, we shall prove that
Ci will be a limit cycle, and this will complete the proof of Theorem 1.
We note that all circles Ci and all points pj are in the level H˜ðx; yÞ ¼ 0; and that
they are the unique orbits of X in this level. Now suppose that Ci is not a limit cycle.
Then, there is a periodic orbit g ¼ fðxðtÞ; yðtÞÞ: tARg different from C1;y; Cn and
sufﬁciently close to Ci such that in the bounded component B limited by g there are
the same points of fp1;y; prg than in the bounded component limited by Ci:
Without loss of generality, we can assume that these points are p1;y; ps:
As g is different from C1;y; Cn; there exists ha0 such that
H˜ðxðtÞ; yðtÞÞ ¼ AðxðtÞ; yðtÞÞBðxðtÞ; yðtÞÞ exp 	2
Xr
j¼1
yjðtÞ
 !
¼ h; ð6Þ
where yjðtÞ ¼ arctan yðtÞ	yjxðtÞ	xj: The function AðxðtÞ; yðtÞÞBðxðtÞ; yðtÞÞ is bounded on g:
Clearly, the angles y1ðtÞ;y; ysðtÞ tend all simultaneously (due to its deﬁnition) to
either þN or 	N; when t-þN; while the angles ysþ1ðtÞ;y; yrðtÞ remain
bounded when t-þN: These facts are in contradiction with equality (6).
Consequently, we have proved that Ci is a limit cycle. In short, Theorem 1 is proved.
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